In a similar manner as in the papers by W. Koepf, D. Schmersau, Spaces of functions satisfying simple differential equations, Konrad-Zuse-Zentrum Berlin (ZIB), Technical Report TR 94-2 (1994) and Salvy, B., Zimmermann, P., GFUN: A package for the manipulation of generating and holonomic functions in one variable, ACM Transactions on Mathematical Software, (1994), pp. 163 -177, where explicit algorithms for finding the differential equations satisfied by holonomic functions were given, in this paper we deal with the space of the q-holonomic functions which are the solutions of linear q-differential equations with polynomial coefficients. The sum, product and the composition with power functions of q-holonomic functions are also q-holonomic and the resulting q-differential equations can be computed algorithmically.
Preliminaries
The purpose of this paper is to continue the research exposed in Refs [7, 8] . There, the authors discussed holonomic functions which are the solutions of homogeneous linear differential equations with polynomial coefficients.
In the present investigation, we consider a similar problem from the point of view of qcalculus. As general references for q-calculus see Refs [2, 4] . We begin with a few definitions.
Let q [ R; q -1 # . The q-complex number [a ] q is given by
The q-factorial [n ] q of a positive integer n and the q-binomial coefficient are defined by ½0 q ! U 1; ½n q ! U ½n q ½n 2 1 q · · ·½1 q ; n k " # q ¼ ½n q ! ½k q !½n 2 k q ! :
The q-Pochhammer symbol is given as The q-derivative of a function f ðxÞ is defined by The next four lemmas are well-known in q-calculus and their proofs can be found, for example, in [3, 4] . 
For our further work, it is useful to write the product rule in slightly different form.
Lemma 1.5. The product rule for the q-derivative can be written in the form D q ðuðxÞÁvðxÞÞ ¼ uðxÞD q vðxÞ þ vðxÞD q uðxÞ 2 ð1 2 qÞxD q uðxÞD q vðxÞ: ð5Þ
In the same manner, higher q-derivatives can be expressed by 
On q-holonomic functions
For every function f ðxÞ which is a solution of a polynomial homogeneous linear q-differential equation
we say that f ðxÞ is a q-holonomic function. The smallest n such thatp n ò 0 is not the zero polynomial is called the holonomic order of f ðxÞ. Here K is a field, typically 
i.e. the small q-exponential function is q-holonomic of first order:
f ðxÞ ¼ e q ðxÞ ) ð1 2 qÞD q f ðxÞ 2 f ðxÞ ¼ 0:
Note that this q-differential equation as well the resulting q-differential equations of the next four examples and similar ones can be obtained completely automatically by the qsumdiffeq command of the Maple package qsum by Böing and Koepf [1] using the q-version of Zeilberger's algorithm [6] . The above equation, e.g. is obtained using the q-hypergeometric representation (7) and the command qsumdiffeq(1/qpochhammer(q,q,n) * x^n,q,n, f(x))} Example 2.4. The big q-exponential function
ðq; qÞ n x n ; 0 , jqj , 1 has q-derivative
which can be obtained in a similar way as in Example 2.3. Since f ðqxÞ ¼ f ðxÞ 2 ð1 2 qÞxðD q f ÞðxÞ;
we conclude that the big q-exponential function is also q-holonomic of first order: Example 2.6. The q-hypergeometric series r f s is q-holonomic. The qsumdiffeq command computes in particular for
Example 2.7. Most q-orthogonal polynomials are q-holonomic. The Big q-Jacobi polynomials (see e.g. They satisfy the q-holonomic equation
which is again easily determined by the qsumdiffeq command. The following lemma will be the crucial tool for the investigations of the next section. Repeating the procedure, we get the representation and coefficients for arbitrary l . n. A
We finish this section by noticing that there are functions which are not q-holonomic.
Lemma 2.2. The exponential function f ðxÞ ¼ a x ða . 0; a -1Þ is not q-holonomic.
Proof. Taking successive q-derivatives of f ðxÞ U a x up to order n generates iteratively the functions of the list L U {a x ; a qx ; a q 2 x ; . . . ; a q n x }. Since the members of L are linearly independent over KðqÞ½x (by mathematical induction), and since L contains n þ 1 elements, no q-holonomic equation for f ðxÞ of order n exists. A
Operations with q-holonomic functions
In this section, we will formulate and prove a few theorems about q-holonomic functions provided by derivation, addition or multiplication of the given q-holonomic functions. 
Taking the values for l ¼ 0; 1; . . . ; m þ n 2 1 in the above identities and expressing q-derivatives of uðxÞ and vðxÞ by q-derivatives of hðxÞ, we get This proves that the q-holonomic order of uðxÞ þ vðxÞ is at most m þ n, but can be less. A
Note that the algorithm given in the proof of Theorem 3.2 finds a q-differential equation which is not only valid for uðxÞ þ vðxÞ, but also for every linear combination l 1 uðxÞ þ l 2 vðxÞ, in particular for uðxÞ 2 vðxÞ. An iterative version of the given algorithm will determine the q-holonomic equation of lowest order for uðxÞ þ vðxÞ. i.e. it is q-holonomic of third order. Theorem 3.3. If uðxÞ and vðxÞ are q-holonomic functions of order n and m respectively, then the function uðxÞÁvðxÞ is q-holonomic of order at most mÁn.
Proof. If uðxÞ and vðxÞ are q-holonomic functions of order n and m respectively, they satisfy holonomic equations (9), and their q-derivatives (10).
Let hðxÞ ¼ uðxÞÁvðxÞ. Then, according to (1.5), we have This proves that the q-holonomic order of uðxÞÁvðxÞ is at most mn, but can be less. A Again, the proof of Theorem 3.3 provides an algorithm. An iterative version of the given algorithm will determine the q-holonomic equation of lowest order for uðxÞÁvðxÞ. i.e. it is q-holonomic of second order. As before, the second sum in the above term can be transformed to Using our algorithm we get for wðxÞ ¼ uðx 2 Þ ¼ ðx 2 ; qÞ l the q-holonomic equation ðq 2 1Þðx 2 1Þðx þ 1Þðx 2 q 2 1ÞD q wðxÞ 2 xðq l 2 1Þðx 2 q lþ1 2 q 2 1 þ x 2 qÞf ðxÞ ¼ 0 and similar, but more complicated, equations for ðx n ; qÞ l for higher n [ N. 
By eliminating D q uðtÞ, we get 
Sharpness of the algorithms
In the previous section we proved that the sum, product and composition with powers of qholonomic functions are q-holonomic too. In this section we show that the given bounds for the orders are sharp in all algorithms considered.
Example 4.1. The functions uðxÞ ¼ x 2 and vðxÞ ¼ x 3 are q-holonomic of first order. According to Theorem 3.2, the function hðxÞ ¼ uðxÞ þ vðxÞ is q-holonomic of order at most two. However, all polynomials are q-holonomic functions of first order, and we find that hðxÞ satisfies the equation xð1 þ xÞD q hðxÞ 2 ð½2 q þ ½3 q xÞhðxÞ ¼ 0:
This example shows that the order of the sum of some q-holonomic functions can be strictly less than the sum of their orders. This applies if the two functions uðxÞ and vðxÞ are linearly dependent over KðqÞðxÞ.
However, we will prove that for every algorithm given in the previous section there are functions for which the maximal order is attained. Proof. Let us consider a linear combination
where r m ¼ r m ðxÞ ðm ¼ 1; 2; . . . ; nÞ are rational functions and suppose that r n ò 0. Then,
i.e.
Since AðmÞ ¼ lim 
is q-holonomic of order n.
Proof. The function E q ðxÞ satisfies the q-holonomic equation of first order (see Example 2.4) there are nm linearly independent summands E q ðx m ÞE q ðx n Þ ðm ¼ 1; 2; . . . ; n; n ¼ n þ 1; n þ 2; . . . ; n þ mÞ over KðqÞ½x. The proof of their independence is again based on Lemma 4.1.
A Theorem 4.6. For each n [ N there is a function F which is q-holonomic of order n, such that WðxÞ ¼ Fðx n Þ is q-holonomic of order n.
Proof. Starting from the function F n ðxÞ defined by (20), we can form
which is of the same type as F n ðxÞ. A
